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DIFFUSION OF WATER THROUGH IMPREGNATED GEOTEXTILES (MESl.!s) 

DIFFUSION OE I.!EAU A TRAVERS DES GEOTEXTILES IMPREGNES (MESl.!s) 

DIFFUSION VON WASSER DURCH IMPRÄGNIERTE GEOTEXTILIEN (MESl.!s) 

In this paper we treat rigorously via diffusion 
theory the general air/membrane/soil layer problem, with 
a harmonie (sinusoidal) activity difference impressed on 
the system. The general theory is developed via analogy 
with heat flow theory. Numerical examples are given for 
an encapsulated kaolinite clay with a range of values of 
membrane diffusion coefficients. It is found that such a 
clay must be encapsulated with a membrane of diffusion 
coefficient 10-7 cm2/sec or less, in order for the soil 
layer to be stable against mechanical property changes 
due to seasonal activity (i.e., water content) changes. 
This is a value similar to that found in earlier work. 

INTRODUCTION 

Recently there has been increased interest in using 
liners as the "impervious" bot tom or top in a wide 
variety of containment systems. This is of special in­
terest when the contained materials have the potential 
for environmental damage or other negative impacts. A 
related use of "impermeable" barriers is to reduce mois­
ture content fluctuations in an encapsulated soil layer 
and hence allow the soil to maintain its optimal mechani­
cal properties. This is the so-called ~embrane !ncapsu­
lated Soil Layer (MESL) problem (1-4) and is of great 
interest in-the following applicatt;ns: 

• to encapsulate frost sensitive soils from problems 
associated with free-thaw cycles 

• to encapsulate expansive or heavy clays from 
volume changes associated with wet-dry cycles 

• to protect subgrade soils from being exposed to 
water from natural flooding, accidental dis­
charges, etc. 

• to utilize a minimum amount of granular soil to 
bridge over weaker, or moisture sensitive, sub­
grade soils 

• to utilize a substandard type of granular soil if 
its saturated strength is too low for the imposed 
traffic loads or if its gradation is improper. 

In a previous paper (5), the fluid transport problem 
in the MESL was addressed using a rigorous theory ap­
proach. Composite [air/membrane/soil] models of varying 
complexity were considered with either constant activity 
gradients (steady state problems) or constant boundary 
activities (transient problems) with the goal of obtain­
ing the water content changes that occur in the soil as 
a function of time. Results were obtained for varying 
membrane diffusion coefficients and comparisons were 
made with the unprotected soil. With such comparisons 
at hand technical and economic benefits can be assessed. 
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Mit Hilfe der Diffusions-Theorie behandeln wir in 
dieser Veröffentlichung eingehend das allgemeine Luft/ 
Membran/Boden-Schicht Problem, wobei das System einer 
harmonisch (sinusförmig) wechselnden Aktivatät ausgesetzt 
ist. Die allgemeine Theorie wurde analog zur Wärmelehre 
entwickelt. Zahlenbeispiele für eine eingeschlossene 
Kaolin Lehmart sind für verschiedene Membran Diffusions­
Koeffizienten angegeben. Es stellte sich heraus, da~ 
ein solcher Lehm von einer Membran mit einem Diffusions­
Koeffizienten von höchstens 10-7 cm2/sec umschlossen sein 
muS, wenn die Stabilität der Bodenschicht gegen 
Varänderungen der mechanischen Eigenschaften durch die 
Einflüsse der Jahreszeiten (z.B. Wassergehalt) 
gewährleistet sein soll. Dieser Wert ist dem in einer 
früheren Unterschung gefundenen vergleichbar. 

In the present work the constant impressed activity 
gradient across the MESL (as in the first paper) will be 
replaced by a harmonic (sinusoidal) activity gradient. 
This is a more realistic model describing the effects of 
daily, monthly, seasonal, or yearly variations in the 
telative humidity of the air outside the MESL. 

In this paper, the diffusion equation will be solved 
for harmonie (sinusoidal) variations in the driving 
forces for diffusive mass flow. The concept of wave­
length, velo city and attenuation of activity (concentra­
tion) will be discussed. The relationship between activ­
ity and mass flux will be developed whereby general dif­
fusion propagation parameters for a particular layer of 
material can be formally expressed. Once these diffusion 
propagation parameters are obtained, diffusion through a 
general multi-layer body can be explicitly developed by 
matrix methods common to electrical circuit theory. Some 
numerical examples will be given which are pertinent to 
the MESL problem. 

DIFFUSION THEORY WITH HARMONIC DRIVING FORCE 

Considered as the basis of this study is the one 
dimensional diffusion equation (~) : 

2 
~ _.!.~ = 0 
dX2 D at 

where 

a = activity of the diffusing material 
x E direction of diffusion 
D diffusion coefficient under activity gradients 
t time 

(1) 

Solutions of equation (1) under a harmonie driving force 
are of the form 
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a = uei(wt-e) 

where 

u x-dependent part of "a" 
w angular frequency of the drive 
e phase constant 
i r-T 

(2) 

Substituting equation (2) in equation (1), we obtain: 

d
2 . 

---.!:!. = (LW) u (3) 
dx2 D 

and by the procedures of differential equations; 

u = A e-/iW/D x + Be+/iw / D x (4) 

where A and Bare constants to be determined by boundary 
conditions. In order to discuss the form of the harmonie 
solutions (without losing any essential details) we des ire 
solutions in a half space such that as x ~ 00, u ~ O. 
Thus B = 0 and we have, using Ii = (1 + i)/12 

u = A e(1+i)/w/2D x 

Combining equation (5) with equation (2), we have 

a = A e-(1+i)/w/2D x ei(wt-e) 

or 

a = A e-kx ei(wt-kx-e) 

where 

(5 ) 

(6) 

(6a) 

k = Iw/2D (7) 

is called the propagation constant. Equation (6a) is a 
damped, travelling wave of activity, with velocity, 

v = ~ = ___ w__ = ~ 
k 

(8) 

wavelength; 

A = 2n = ~ = 2nlzD/w 
k Iw/2D 

(9) 

and attenuation coefficient, k. A numeric example using 
these parameters will be given in the next section. 

mass flow 
The flux, F (= area-time) can be obtained from the 

the activity gradient at the surface: 

Fx=O = -D (da) 
dx x=O 

(10) 

= -D ~ [A e-kx ei(wt-kx-e)] 
Fx=O dx (10a) 

Taking the real part of equation (10a) and using the 
trigonometrie identify; 

1 1 
cos a + cos ß = 2 cos 2 (a+ß) cos 2 (a-ß) 

the flux is seen to be: 

F = 12 k DA cos (wt - e + 2!.4) 
x=O 

(11) 

(12) 

The solution given in equation (5) can be rewritten 
in an alternate form more convenient for layer problems 
using the hyperbolic functions and equation (7). This 
leads to the following; 

u = P sinh [kx(l+i)] + Q cosh [kx(l+i)] (13) 

where P and Q are complex constants to be determined 
from the boundary conditions. (The complete solution 

. for "a" involves u and a harmonie time factor). Using 
the definition, F = -D aa/dx, we obtain the general ex-
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pression for the flux: 

F = -DPK(l+i) cosh [kx(l+i)] 

- D Q k(1+i) sinh [kx(l+i)] (14) 

Figure 1 shows a section of material where the input 
flux is Fand the activity at the input face (x=O) is a. 
The output flux is F' and the activity at the output is 
a' (x=~). We assurne, in the same manner as electrical 
circuit theory, that a linear matrix relation exists be­
tween the input and output quantities, i.e., 

u' 

F' 

Au + BF 

Cu + EF 

(15a) 

(15b) 

Note that in circuit theory the flux corresponds to the 
current and the activity to the voltage. Using equations 
(13) and (14) we obtain: 

u(x=O) = u Q, (16a) 

F(x=O) F -D k (l+i)P, (l6b) 

u(x=JI.) u 
, 

= P sinh [U(l+i)] 

+ Q cosh [U(l+i)] and (l6c) 

F(x=~) = F' -DkP(l+i) cosh [U (l+i)] 

- DkQ(l+i) sinh [k~(l+i)] (16d) 

Using equations (16) in equations (15) and equating the 
coefficients of P and Q, we obtain: 

A cosh [U(l+i)] (17a) 

B 
-sinh[U(l+i)] (17b) 

Dk(l+i) 

C -Dk (l+i) sinh[k~(l+i)] (17c) 

E cosh [kJl. (1 +i) ] (l7d) 

Equations (15) can be put in matrix form as follows: 

[::] [: :][:] (18) 

Now consider a composite sample of many layers as 
shown in Figure 2. Each layer is described by a thick­
ness, ~i' and diffusion coefficient, Di' At a given fre­
quency, w, the value of k is determined, and hence Ai, 
Bi, Ci and Ei can be determined for each layer. Now, if 
there is no buildup of diffusing material at any of the 
interfaces between the layers, repeated application of 
equation (18) yields; 

[u~] = [An Bnl [An_
1 Bn_~ [Al Bi] [u1] (19) 

Fn Cn EnJ Cn_1 En-J Cl Ei F1 

where each term in parenthesis represents the diffusion 
propagation matrix for that particular layer. Thus if 
any two of the four quantities (u~, F~, ul and Fl) are 
given, the other two can be determined. Also the activ­
ity (ui) and flux (Fi) can be determined at any interface 
by the appropriate number of matrix multiplications. A 
second numeric example will be given illustrating the use 
of multi-layer theory, in a later section. 

EXAMPLE OF ACTIVITY VARIATIONS 

Consider a soil with D = 10-4 cm2/sec (which is ty­
pical of a kaolinite clay) and a sinusoidal time varia­
tion of period (p) equal to 10 days (e.g., 5 days high 
and 5 days low relative humidity). We wish in this ex­
ample to assess the activity profile in the half space. 
To accomplish this we need to calculate angular fre­
quency, which is; 

2n 
w =-

p 



Road and Railway Applications 

1 CIS 

w = 7.3 x 10-6 see- 1 

Also needed .is the propagation eonstant (or attenuation 
eoeffieient) whieh is: 

k Iw/2D = 17.3(10-6)/2(10-4) 

k = 1.91 x 10-1 = 0.19 -1 
em 

Now, the veloeity of movement of the aetivity ehanges in­
to the soil is: 

v = ~ = 7.3(10-
6

) = 3 9 x 10-5 em/see, 
k 0.19 • 

and the wavelength of the ehanges is: 

2Tr 2Tr 
A = k = 0.19 = 33 mm 

Figure 3 shows the aetivity profile in the soil half 
spaee whieh is obtained by using the real part of equa­
tion (6a). Note the highly damped sinusoidal variations 
with wavelength 33 em. Taking the distanee of penetra­
tion to be approximately equal to the veloeity times 

(f), we ealeulate 16.4 em. Thus the diffusing speeies 

ean only get in about 16.4' em before the driving aetivity 
on the surfaee goes below the bulk aetivity and diffusion 
proeeeds in the opposite direetion. It should be noted 
that this is an example related to the "skin effeet" of 
eleetromagnetie waves in eleetieal eonduetors where the 
usual "rigorous" definition of skin depth in our ease is 
l/k ~ 5.23 em. 

EXAMPLE OF OUTFLOW AND WATER CONTENT CHANGES 

Consider a membrane of thiekness, 2m' and diffusion 
eoeffieient, DM' plaeed on top of a soil layer of thiek­
ness, 2S, and diffusion eoeffieient, DS' Figure 4 shows 
this situation. Equation (19) reduees in this ease to; 

[::] [~~[~ :~[:J (20) 

where the membrane diffusion propagation parameters are 
given by; 

sinh [~2M(1+i)] 

DM~(l+i) 

CM DM~(l+i) sinh [~iM(l+i)] 

and the soil diffusion propagation parameters are given 
by: 

A
S 

eosh [k
S

2
S

(1+i)] 

BS 

sinh[k
s

2
S

(l+i)] 

Dsks(l+i) 

C
s -DSkS (l+i) sinh [kSiS(l+i)] 

ES eosh [kS2S(1+i)] 

Performing the matrix operation of equation 20 gives the 
following: 

u' 

F' 

(~S + BMCS) u + (~BS + BMES)F 

(C~S + ~Cs) u + (CMBS + EMES)F 

(21) 
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A 11 i h' . , (eos 2Tr t) re-rea st e e OLee LS u = U
o 

eos wt =u
o 

p 

lating to harmonie variation of the humidity in the air 
and F = 0, eorresponding to an impervious bottom material. 
Equation (21) now beeomes: 

u 
, 

(Vs + BMCS) u, and 

F' (C~s + EMCS) u. 

Thus the outward flux F' is related to the impressed 
aetivity, u', by the following: 

(22) 

To illustrate the proeedure via sampIe ealeulations 
we take: 

DS 10-4 em
2
/see (a typieal kaolinite elay) 

2S 100 em (a typieal MESL thiekness) 

2M 0.2 em (a typieal impregnated geotextile thiekness) 

The flux for periods of I, 10 and 100 days will be ealeu­
lated and we will also allow DM to vary between 10-5 and 
10-8 em2/see. The absolute values of the eoeffieients 
A, B, C and E will be used rather than their eomplex 
values. This is not an exaet treatment, but should give 
good order of magnitude estimates. With p = 1 day we ob­
tain: 

7.3 x 10-5 -1 w = see 

kS = 0.60 
-1 

em 

10-8 ) -1 
km (DM 60 em 

10-7 ) -1 
~ (DM 19 em 

10-6) -1 
~ (DM 6 em 

10-5 ) -1 
~ (DM 1. 9 em 

Equation (22) gives a flux of -6.06 x 10-7 uo eos wt 
(g/em2-see) for DM = 10-8 em2/see, ete. To obtain the 
~otal outflow, J TOT ' of material from the MESL during one 
half period (i.e., while the flux is in one direetion) we 
first ealeulate the average outflow; 

J 
ave 

1 
= PT2 

whieh gives: 

J 
ave 

= ~ F' 
Tr 

J
3Tr / 2Tr 

F' dt 

Tr/2w 

Multiplying this average value by the time for half a 
period, we obtain the outflow: 

(23) 

(24) 

(25) 

Using equation (25) with the previous results for the 
fluxes, we get an outflow of -1.7 x 10-2 uo g/em2 for 
~ = 10-8 em2/see, ete. As in referenee one we assume 
that the soil has a porosity of 30 pereent and the voids 
are saturated,thus giving 30 gms of water per em2 of 
frontal area. Therefore the water eontent ehange is 
given by 

J
TOT 

~w(%) = ~ x 100. (26) 

With a maximum relative humidty drive of 30% in the air, 
i.e., Uo = 0.30, this gives 
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J TOT 
~w(%) = ~ (0.3) x 100 = J TOT 

(27) 

The values of F', J TOT and ~w(%) for p = 1, 10 and 100 
days are given in Table 1, for DM values of 10-8 , 10-7 , 
10-6 and 10-5 cm2/sec . . 

A reasonable criteria for stability in water content 
might be to allow no more than a 5% change in moisture 
content over a seasonal variation (p ~ 100 days). Thus 
for a fine grained soil (e.g., kaolinite clay) it is seen 
that the MESL should have a DM value of 10-7 cm2/sec or 
lower. This is the same result as was obtained in re­
ference one for constant boundary activity drive. As can 
be seen from Figure 3 however, the activity (hence con­
centration) profiles are quite non-uniform, leading to 
much larger local changes than the average change. Hence 
to be on the conservative side, DM values should probably 
be 10-8 cm2/sec or lower for purely harmonic drives. 

CONCLUSIONS 

From the results of the present and previous work, 
it appears that clays will have to be encapsulated with 
membranes having DM < 10-7 cm2/sec, in order for the 
mechanical properties of the clay to remain ne ar their 
optimum values. This can probably be achieved by using 
impregnated geotextiles, i.e. MESL's, which offer a num­
ber of other practical benefits over geomembranes. Some 
of these are high frictional resistance, good mechanical 
properties and ease of deployment. 
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x=o 
( input 

face) 

x=j 
(output 

face) 

Fig. 1. - Schematic diagram of a section of material with 
input and output fluxes (F and F'); and input 
and output face activit1es (u and u') 

X=o 
/ Di / / !! / l / 

x=l! -.-.--. ---. --.--I-f -
.:0. '. ~ .' .. ' '. , -r .. 
\2 .. ~\ \ \ ~t< 

'; . ... }:'. 
.' : t' · x=J, 

. -:- .' 

Fig. 2. - Schematic diagram of a composite system of many 
layers, each with thickness ~i and diffusion 
coefficient Di. The input and output fluxes 
are Fl and F~. The input and output activities 
are ul and un. 
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Table 1 - Flux, Output and Average Water Content Changes for [Air/Mernbrane/Soil/lrnpervious Bottom] Situation. 
Soil Thiekness = 100 ern; Membrane Thiekness = 0.2 ern; Soil Diffusion Coeffieient = 10-4 ern2/see. 

DM 

(ern
2

/see) 

10-8 

10-7 

10-6 

10-5 

10-8 

10-7 

10-6 

10-5 

10-8 

10-7 

10-6 

10-5 

..J 
Ö 
Ul 

!!: 

>-
!: 
> 
~ 
< 

P 

(days) 

1 

1 

1 

1 

10 

10 

10 

10 

100 

100 

100 

100 

a"'ij;"A 

w k
S 

A
S 

-1 (sec ) 
-1 (ern ) (ern) 

7.3xlO-5 0.6 10.5 

11 11 11 

11 11 11 

11 11 " 
7.3xlO -6 0.19 33 

11 11 11 

11 " " 
11 11 11 

7.3xlO -7 0.06 105 

11 11 11 

11 " .. 
11 11 11 

-4 ,"~ 05=10 em/sec 

P=IO days 

~ 

-1 
(ern ) 

60 

19 

6 

1.9 

19 

6 

1.9 

0.6 

6 

1.9 

0.6 

0.19 

I /l imit of penetration 
:.--~ in half period ( Sdl 
I 

a •• ,H t---7'!E---,-I-_~_";;-......,."=_:::_,:,. :.., -~'--­

I 
I 

I ! 

" 

jacfivity profile 
---\ half period l(Jter(sd late" 

/ 
alNoiN A "----'---'----'----'----

o 10 20 30 40 

DtSTANCE FROM SURFACE tCM) 

AM 

(cm)_ 

0.1 

0.33 

1 

3.3 

0.33 

1 

3.3 

10.5 

1 

3.3 

10.5 

33 

Fig. 3. - The aetivity profile in the soil half spaee 
subjeeted to a harmonie aetivity on the surfaee 

iwt -4 2 
of A e ; D il = 10 em /see, Period, 

2TT so 
p(= (0) = 10 days 
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Flux - F' Outflow - J TOT Average Per cent 

in one half period Change in Soil 

(g / ern 
2 
-sec) (g/ern2) 

Water Content 
Due to Outflow 

-7 -2 -2 - 6x10 uo eoswt -1. 7x10 uo -1. 7x10 

-6 11 -2 -2 -9x10 -5.2x10 uo -5.2x10 

-6 11 -1 -1 -7.Zx10 -Z.Ox10 uo -2.0x10 

-5 11 -1 -1 -2.2x10 -6.0x10 uo -6.0x10 

-7 -2 -2 -1. 9x10 uo eoswt -5.2xlO uo -5.2x10 

-7.2x10 -7 
" -2.0x10 

-1 -1 uo -2.0x10 

-6 
" -1.18 -4.3x10 uo -1.18 

-5 11 -3.85 -1.4x10 uo -3.85 

-8 
-0.2 -7.2x10 uo coswt uo -0.2 

-7 11 -3.8 -5x10 uo -1.38 

-6 11 -7.6 -2.8x10 uo -7.6 

-5.4x10 -6 
" -14.9 uo -14.9 

AIR 
F' 

" . 
" . . / 

~' 

.. . ' 
• SOlL :. 

. ' 

" , 

---U ------I--..,.-l-

\ \ '\ ~\ 
(IMPERVIOUS ,'\ ~

OTTOM MATERIAL , 

\ \ \ '\ 

Fig. 4. - Sehernatie diagram of situation with a soil 
(Ds , t s ) situated on top of an irnpervious bot­
tom. A MESL (DM, tM) is plaeed on top of the 
soil and ita upper Burface is in eontaet with 
air. 




