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Elasto-plastic analysis of reinforced slopes 

M. Kulczykowski 
Institute of Hydroengineering, IBW PAN Gdansk, Poland 

ABSTRACT: The paper deals with application of elasto-plastic theory to the 
analysis of reinforced earth structures. First, the simple model ,  based on 
elastic and rigid-plastic theory of ·reinforced soil, is described. Then the . 
application of the above mentioned theory to solving the retaining wall 
problem is presented. Numerical calculations are compared with the results of 
full scale experiment . 

1 INTRODUCTION 

The calculation method, presented in this 
paper is ba,sed on simple elasto-plastic 
theory of reinforced earth. It allows to 
analyze the development of failure zone 
in construction, and to determine the 
value of bearing capacity of a structure . 
It can be performed, with the help of 
finite element method , for any 
distribution of external load. Both the 
uniform and the layered soil can be 
analyzed using this method. It is 
particularly important for the soil nailed 
construct ions, which are realized in the 
natural ground. 

2 SIMPLE ELASTO - PLASTIC ANALYSIS 

For the 
boundary 
plastic 
proposed. 

analysis of above mentioned 
value problems , simple elasto 

theory of reinforced soil is 

The re.infcrced earth is treated 
macroscopically as a anisotropic 
composite. It consists of soil, and 
reinforcement distributed uniformly in 
horizontal direction. The reinforcement 
may work only in tension. The slippage on 
the interfaces between this constituents 
is neglected. The analysis is performed 
for the plane stress state. 

To analyze the mechanical behaviour of 
such composite the perfectly elasto 
plastic theory is proposed. The properties 
of reinforced earth in elastic state are 
analzysed on the base of continuum elastic 
theory ( Sawicki 1 9 B3 ) .  In this range both 
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constituents are 
Hooke ' s  law. The 
elastic modul i  is 

assumed 
matrix 
defined. 

to obey the 
of macroscopic 

It allows to 
calculate elastic properties of composite 
using the elastic moduli ·  of sand and 
reinforcement . 

The plastic behaviour of reinforced 
earth is described by the plastic theory 
( S awicki 1983 ) .  In this range the soil is 
assumed to be. a plastic Coulomb-Mohr 
material, and reinforcement is assumed to 
work only in one direction. In the case of 
plane plastic flow the yield condition 
takes the following form: 

where G x I G'1 1 t"(x� are the components of 
tensor of macrostresses; ¢ is the angle 
of internal friction of the soil; 
� == �f·R.\'" , where 'tri s  a volumetric fraction 

of reinforcement in composite, and �� is 
the plastic locus for reinforcement in 
extension. j i s  parameter describing the 
behaviour of reinforcement : when 

'f=· - A  the s imUltaneous plastic flow of 
both soil and reinforcement occur; in 
the case i c (-1 i 0 )  the reinforcement 
remains rigid, but the soil becomes 
plastic; - when j ;:: 0 it is assumed 
that the reinforced sand behaves like a 
pure soi l .  

I n  a s imple elasto-plastic theory 1 the 
yield surface corresponds with above 
described yield condition ( see Fig . l ) . It 
is composed· of a section of two Circular 
cones connected with two inclined planes. 
The points on the surface il lustrate the 



I>, C o mpos i t e :  

in elas t i c  s late 

in plas t i c  stat e 
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Fig . !  The yield surface of e!asto-plastic 
model 

plastic state of reinforced earth . The 
points laying inside this zone represent 
the macrostresses in the composite in 
elastic state. 

For an 
relation 

elastic 
between 

and plast ic range 
the macro-

microstresses are defined. 

the 
and 

It should be pointed that in following 
analysis the deformation state is not 
taken into account . Therefore this theory 
can be called as a simple static theory of 
reinforced earth. 

3 BRIEF DESCRIPTION OF CALCULATION METHOD 

The analysis of the stress state in 
construction is performed on the basis of 
finite element method. For the layered 
soil, the reinforced earth is treated as a 
homogeneous anisotropic composite, with 
the different elastic and plastic 
parameters in each layer. 

In 'the beginning, the elastic moduli of 
composite are determined on the base of 
parameters of components .  The finite 
element mesh and boundary condition are 
also assumed. The boundary condition in 
the earth pressure zone, are determined 
under the restriction that the free ends 
of reinforcement cannot be extended. . 

Then, the first calculation of 
macrostress state in construction due to 
its self-weight should be performed and 
the yield condition in each finite element 
should be checked. I f  each finite element 
and the whole structure works in the 
elastic state, the next stage of analysis 
should be undertaken . 

In this stage, the structure is 
subsequently loaded by the external load 
increments D. p_ in such a way that the 
total load p monotonically incre�5es . At 
the each step of the loadip.g process the 
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Fig. 2 Cross section of nailed slope 

macrostresses in construction are 
determined and increases. At the each step 
of the loading process the macrostresses 
in construction are determined and the 
yield condition examined. If this 
condition is exceeded, it means that 
reinforced soil in the element is in a 
plastic state, and the elastic parameters 
of reinforcement ( or soil) should be 
replaced by much weaker . Then the 
calculation should be repeated -if the new 
value of elastic module is taken properly, 
the yield condition in the element in 
plastic state is equal to zero. 

The computation for the next load 
increment are performed using above 
mentioned procedure. It should be carried 
on, to the moment, when the elements in 
plastic state create the continuous 
plastic zone. The obtain�d total load p 
denotes the bearing capacity of analyzed 
structure. 

4 FULL SCALE 
STRUCTURE 

TEST OF SOIL NAILING 

The full scale experiment of steep slope 
protected with soil nailing technique was 
performed in Koronowo in Poland. The 
excavation was made in loose sandy 
subsoil, with the final dimension: depth 
D=6m, and width W=7m. The slope was 
inclined to the horizontal surface with an 
angle 78°. The slo}?e was nailed with the 
steel rods of the diameter l6mm and 3m 
length. The vertical distance between the 
nails was 1 . 46m, the horizontal distance 
was 1 . 2Sm. The face of the slope was 
protected with the shotcrete reinforced 
plate, Bcm thick. The cross section of 
nailed slope was presented in Fig . 2 .  

This structure had . been loaded 
subs�quently up to the maximum load of 81 
kN/m . The construction collapsed just 



p = 7 5 k N / m2. 

( c) 

F ig . 3  Finite element mesh 

p= 56 k N/m2. 
p = 8 2 kN/mz 

(a) (d) 

. p= 63 k N/m2 p= 85 kNfni' 

(b) (e) 

Fig . 4  Deve lopment of plastic zones 
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�ig . 5  Measured and predicted slip surface 

after this loading had been put. After t.he 
failure the position of three points of 
the slip surface were measured . The slip 
line coming through th.ese 
points is also presented in Fig . 2 .  

5 NUMERICAL EXAMPLE 

To analyze above mentioned construction, 
the finite . element mesh and boundary 
condition were assumed ( see Fig. 3 ) . The 
calculation was performed for fol lowing 
data� - the unit weight of sand r =16 
kN/m , the angle o f  internal friction 
rj =33

0
, [he Xoung modulu·s for soil 

E = 0 .  2x10 kPa and for reinforcement 
s 

1 1 
E = 2 . 1 1xlO kPa, the Poisson ratio for 

r 
soil � =0 . 2  and for reinforcement VI" =0 . 2 ,  
the parameter Do =34.0 kPa. 

The structure was subsequently loaded by 
external load increment iJ. p=l kN/m. The 
first zelement became plastic for 
p=58kN/m , for the next steps of loading, 
the plastic zone near the ztoe had been 
created . For p=85 kN/m the failure 
mechanism had started rapidly to develope. 
For the constant external load p, the 
elements became plastic one after the 
other, and the mechanism of failure had 
been fully created. The development of 
failure zone is presented in Fig . 4 .  

The comparison o f  predicted and real 
slip surface is presented in Fig . 5 .  The 
shape of the " real " zone being in plastic 
state is more narrow and shallow, then the 
computed slip surface. These 
discrepancies . probably result from too 
large size of elements in finite element 
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mesh and non-realistic boundary condition 
assumed in the toe surface. 

6 CONCLUSION 

In the present paper an application of 
simple elasto-plastic model of reinforced 
soil to the analysis of the slope 
reinforced with the nails have been shown. 
The theoretical prediction have been 
compared with the result of full scale 
field measurement performed on the nailed 
slope. The comparison of the results shows 
that the proposed theory gives quite 
realistic prediction. 
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