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1 INTRODUCTION 

Kotake et al. (1999) successfully simulated the results of plane 
strain compression (PSC) tests on small specimens of dense 
Toyoura sand that were either unreinforced or tensile-reinforced 
with various types of planar-reinforcements placed horizontal 
(Tatsuoka and Yamauchi, 1986).  They used the nonlinear elasto-
plastic FEM incorporating the plastic shear strain-hardening 
proposed by Tatsuoak et al. (1993).  In the results of their 
numerical analysis of the reinforced specimens, however, the 
maximum stress ratio and pre-peak stiffness are noticeably larger 
in the FEM analysis than in the experimental PSC tests.  This 
discrepancy is due, at least partly, to the following reasons (Yasin 
and Tatsuoka, 2000; Peng et al., 2000): 
1) The plastic shear strain-hardening model was constructed based 

on the results from conventional PSC tests at constant confining 
pressure. 

2) As the FEM analysis revealed (Kotake et al., 1999; Peng et al., 
2000), typical stress paths inside the reinforced specimens are 
similar to anisotropic compression stress paths at high stress 
ratios close to that at failure, which are considerably different 
from those in the conventional PSC tests.  
The objective of this study is, therefore, to re-simulate the 

results from a series of PSC tests on unreinforced and reinforced 
dense Toyoura sand specimen (Tatsuoka and Yamauchi, 1986) 
based on a new constitutive model for sand.  The simulation was 
based on a new elasto-viscoplastic constitutive model using a strain 
energy-hardening function that was introduced to overcome the 
above-mentioned drawback.  The new constitutive model also 
considers the stress history- and stress path-dependency of the 
deformation characteristics of sand.  The viscous property was 
introduced aiming at: 1) a better stability in the numerical 
simulations; and 2) simulations of loading rate effects and creep 
deformation of reinforced sand.  Discussions on the second issue 
are beyond the scope of this paper. 

2. PSC TESTS ON REINFORCED SAND 

In the physical PSC tests, a planar tensile reinforcing member was 
placed horizontal at the mid-height of specimens that were 7.5, 8.0 
and 4.0 cm in the directions of 1 , 2 and, 3 having an initial void 
ratio eo equal to 0.66 (Figure 1).  The surfaces of the 1 and 2

planes were well-lubricated (Tatsuoka et al., 1984), while the 
measured boundary stresses were corrected for membrane forces 
and vertical friction working on the confining platens.  The details 

are described in Tatsuoka and Yamauchi (1986).  In the present 
study, the following three typical tests were analysed:  
1) Unreinforced specimen;  
2) Specimen reinforced by using relatively flexible reinforcement, 

a urethane sheet. 
3) Specimen reinforced with rigid rough reinforcement, a rough 

brass plate having surfaces roughened by gluing sand particles. 

Figure 1.  Reinforced sand specimen for PSC tests 

3. FEM DETAILS 

3.1 Modeling of PSC specimen

The PSC specimen was discretised into 0.4 cm x 0.4 cm square 
plane strain elements with a number of total nodal points of 441 
(Figure 2).  The urethane sheet was modeled by 20 linear-elastic 
truss elements having only an axial stiffness (EA= 4.51 x 10+1 

kN/m), while the rough-brass plate was modeled by 20 linear-
elastic truss elements having an axial stiffness (EA= 5.05 x 10+4 

kN/m) and a bending stiffness (EI= 1.05 x 10-3 kNm2/m). No 
interface elements were used, since no noticeable slippage between 
the reinforcement and sand was observed in these PSC tests. 

Initial isotropic effective confining pressure of c (= 49 kPa) was 
first given to all the plane strain elements.  A displacement incre-
ment of 0.0005×2 cm/step, i.e., an average axial strain increment d

a of 0.0132 %/step, was applied, which has been found to be small 
enough to keep accuracy and numerical stability with an equilib-
rium iteration tolerance of a force norm as well as a energy norm E

of 10-6 .   A set of non-linear equations was solved by the Dynamic 
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Relaxation technique (Tanaka and Kawamoto, 1988; Tanaka and
Sakai, 1993), which has a reputation in solving highly non-linear
equations, especially for high friction angle materials as in the pre-
sent case. The integration of the elasto-plastic equation was done
by the Return Mapping scheme (Ortiz and Simo, 1986), which is a
first order approximated Euler backward integration. The detail is
described in Siddiquee et al. (1995, 1999).

Figure 2. FEM mesh

3.2 Constitutive model for sand

In the elasto-plastic constitutive model for sand that was originally
developed by Siddiquee (1994) and Siddiquee et al. (1995), the
inherent and stress system-induced cross-anisotropic elasticity is
considered, based on results with respect to anisotropic elastic
deformation properties of sand from a series of laboratory stress-
strain tests (Hoque and Tatsuoka, 1996;1998). The model is
coupled with an isotropically work-hardening and softening, non-
associated, elasto-plastic material description. The yield function
and the plastic potential function are of, respectively, Mohr-
Coulomb and Drucker-Prager type. It is assumed that the
deformation of a given sand element under uniform boundary
stress conditions is homogeneous in the pre-peak regime, while
strain localization into a shear band starts suddenly at the peak
stress state. A smear method, which is similar to the one proposed
by Pietruszczak and Mroz (1981), was employed to incorporate
strain localization (Tanaka and Sakai, 1993). Unlike their method,
however, no direction of shear banding was specified.

In the present study, the original model was first modified by
incorporating the modified plastic strain energy concept (Peng,
2000; Peng et al., 2000, 2001, 2002). The modified plastic strain
energy concept is represented by a unique relationship between the
modified plastic strain energy and a stress parameter, which is
independent of stress history. This concept was developed based
on results from a series of drained PSC tests performed along
various stress paths on saturated dense Toyoura sand with accurate
stress and strain measurements (Yasin and Tatsuoka, 2000). The
new constitutive model is capable of simulating the effects on the
deformation characteristics of stress path as well as pressure level
(Yasin and Tatsuoka, 2000; Peng et al., 2000, 2001).

Figure 3 shows the three-component model that was developed
to simulate the viscous features of the stress-strain behaviour of
geomaterials (Di Benedetto et al., 2001; Tatsuoka et al., 2001) and
employed in the present study. In the framework of the three-
component model, the conventional elasto-plastic model consists
of the two components (E + F) depicted in Figure 3, where E
means the hypo-elastic component, while F means the non-linear
inviscid component, for which the stress is a unique function of ir-
reversible strain in the monotonic loading case. Di Benedetto et al.
(2001) and Tatsuoka et al. (2001) showed that the three-component
model can simulate very well the viscous property of sand, such as;
a) effects of gradual and stepwise changes in the strain rate and dif-

ferent constant strain rates on monotonic loading stress-strain be-
haviour; b) creep, where the irreversible strain rate continuously
decreases at a constant stress; c) stress-relaxation, where the stress
decreases while the irreversible strain rate continuously decreases
at a constant total strain with negative elastic strain rates; and so on.

In summarizing the above, the modified constitutive model
incorporates the following properties:
a) the inviscid pre-peak stress-strain relation with work-hardening

elasto-plastic deformation characteristics;
b) a non-associated flow for irreversible strain;
c) anisotropic strength and deformation;
d) pressure level-dependency of strength and deformation;
e) post-peak work-softening;
f) shear banding with a characteristics shear band width (i.e.,

particle size effect); and
g) viscous deformation properties of sand.
The FEM code incorporating the above-proposed model has been
validated by a direct comparison between results from the
numerical on analysis using a single element and physical test
results (Siddiquee and Tatsuoka, 2001).

Figure 3. Three-component elastic-viscous-plastic model

In the present simulation, loading was made at a constant
displacement rate equal to 0.15 mm/min referencing to the physical
model test. It was found that the viscous stress always occupied
very small part of the total stress. Despite the above, the numerical
solution became substantially stable by introducing viscous effects
when compared with the previous analysis.

4. RESULTS AND DISCUSSIONS

4.1 Global Stress-Strain Relationship

The global relationships between the boundary principal stress
ratio R* (= 1/ c ) and the average axial strain a from the FEM
analysis and the experimental PSC tests are compared in Figure 5.
The following trends of behaviour may be seen:
1) For all the three test cases, the proposed FEM analysis method

can simulate very well the physical test results not only at pre-
peak but also at post peak regime for widely different
reinforcing effects.

2) Despite the above, the agreement for the post-peak stress-strain
behaviour is relatively low, showing that the present analysis
method has still some limitation.

4.2 Local Characteristics and Shear Band
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The contours of incremental local maximum shear strains  max = 1-
3 observed between two successive loading stages in the experi-

mental PSC tests are shown in Figure 6.  These strain values were 
obtained by reading displacements of targets located at a vertical 
and horizontal spacing of 5 mm that had been printed on the 
specimen rubber membrane of the intermediate principal stress 
surface.  To this end, a number of pictures were taken during the 
respective PSC test.  The representative loading stages selected 
were “ before peak (A)”, “around peak (B)” and “after peak to 
residual (C)” as denoted in Figure 5.  The corresponding contours 
of ma obtained from the FEM analyses are shown in the Figure 5.   

Figure 4 Global stress-strain relations 

It may be seen from Figure 5 that the development of shear band, 
which affected the global stress-strain behavior, observed in the 
experimental PSC tests was well simulated by FEM analysis: that 
is:
1) In the physical test on the unreinforced specimen, a V-shaped 

shear band, reflecting at the bottom of the specimen, started 
appearing around the peak stress state, as seen from the 
incremental max field (A B).  Then, the strain was localized 
more intensely into the shear band in the post-peak regime (B
C).  Also in the FEM analysis, a V-shape shear band started 
appearing around the peak state (A’ B’), which developed 
further, reflecting clearly at the specimen bottom in the post-
peak regime (B’ C’).

2) The general pattern of shear banding between stages A and B in 
the physical test on the specimen reinforced with urethane was 
similar to the one in the unreinforced case.  In addition, the 
shear band penetrated through the reinforcement, perhaps due to 
the flexible nature of the reinforcement.  However, the strain 
was less localized into the respective shear band while more 
shear bands developed in the specimen reinforced with urethane.  
This was likely due to the restraint by reinforcement to the free 
development of shear band.  By this interaction, relatively large 
tensile strains (hence tensile stresses) were induced in the 
reinforcement at large average strains.   

3) For the specimen reinforced with rough brass, up to the peak 
state (A B and A’ B’), very small shear strains were induced 
in the vicinity of the rough brass due to its high confining effect, 
while the strain started localizing to some extent around both 
ends of the reinforcement.  After peak (B C and B’ C’), a 
greatly intense strain localization into a V-shaped  

Experiment FEM Simulation
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Figure 5 Contours of incremental local maximum shear strain 
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shear band developed in the bottom half of the specimen with 
sharp reflection at the bottom end.  Then, strain localized into 

a shear band while the reminder behaved like a rigid body.   Due 
to a high rigidity of the brass reinforcement, the shear band could 
not penetrate the reinforcement, and shear banding developed in 
the zones away from the reinforcement.

5. CONCLUSIONS 

From the results presented above, the following conclusions can 
be derived: 
1) The relevant FEM analysis could simulate very well not only the 

global stress-strain behavior but also the local deformation 
pattern of both unreinforced sand specimen and those reinforced 
with a wide variety of planar reinforcement, flexible and rigid, 
which are brought to failure in plane strain compression tests.  
The simulation of strain localization into a shear band (or shear 
bands) is one of the keys for the success of such a numerical 
simulation. 

2) The FEM analyses could well simulate the failure mechanism 
associated with shear banding of unreinforced sand specimens 
and those reinforced with flexible and rigid reinforcement.  By 
an insight into the strain fields, the reinforcing mechanism by 
tensile reinforcement was clearly understood in relation to the 
global stress-strain relations.

3) The degree of simulation was improved by incorporating the 
work-hardening function, in place of the shear strain-hardening 
function in the previous simulation.   

4) In the present simulation of PSC tests performed at a constant 
strain rate, the viscous stress was always negligible when 
compared with the total stress.  Despite the above, by 
incorporating the viscous property in the constitutive model of 
sand, the simulation became much more stable, in particular in 
the post-peak regime, when compared with the previous 
simulation based on the elasto-plastic model for sand.   
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